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On Differential Equations Belonging to a Ternary 

Linearoid Group. 

By F. E. Ross. 



It is the object of the present paper to investigate systems of differential 
equations which belong to a ternary linearoid group. The investigation is con- 
fined to those cases which are essentially distinct. The last paragraph is devoted 
to algebraic theorems on characteristic equations. Particular cases of these 
theorems were first noticed in attempting to treat two-parameter groups in their 
unreduced form. The results thus obtained have been generalized. 

Differential equations belonging to linearoid groups have been studied by 
B. J. Wilczynski. He has proved the existence theorem* and obtained the differ- 
ential equations belonging to a binary group. f 

A group of linearoid transformations is defined by the system of equations 

m = $aOe; «i «r) V\ + $® (* ; % a r ) y 2 + 

+ ^> in {x',a 1 a r )y n , (i=l, 2 n), (1) 

in which $ iK are uniform functions of a; and of a x .... a r) and the r parameters a K 
are essential. The corresponding differential equations are such that if y x . . . y n 
form a fundamental system of particular solutions, the general solutions are 
given by (1). Therefore, these solutions undergo . substitutions contained in (1) 
when x makes circuits around the singular points of the differential equations. 
The study of such systems having three fundamental solutions is taken up in the 

* E. J. Wilczynski, " On Linearoid Differential Equations," American Journal of Mathematics, 
Vol. XXI, No. 4. 

t E. J. Wilczynski, " On Continuous Binary Linearoid Groups and the Corresponding Differential 
Equations and A Functions," American Journal of Mathematics, Vol. XXII, No. 3. 
24 
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present paper. The results obtained sufficiently indicate what is to be expected 
in general. 

§ 1 . — One-Parameter Groups. 

The infinitesimal transformation of a one-parameter ternary linearoid group 
can be written 



u (/) = (^n yi + "h* y% + ^13 2/3) 2i + (^21 y\ + 4-22 y* + ^as y%) <i% 



+ (^31 2/1 + ^sa y% + ^3s y*) q 3 , (qi = ^) » (1) 



where 4"« is a uniform function of x. The finite equations are obtained by inte- 
grating the linear system 

JZ* = $ aVl + ^ m + ^ i3m , (i = 1 3), 

with the initial conditions ^ i =y i for tf = . The solutions are of the form 
Vt = A a <f>' + A 2 ^< + A i3 **, (» = 1 . . . . 3) , 

where p x . . . . p 3 are the roots, supposed distinct, of the cubic 



^ll — p 


^12 


^13 


4-21 


^22— P 


^SS 


^Sl 


^32 


^33 



p 



= 0. 



(2) 



This equation will be called the characteristic equation of the infinitesimal trans- 
formation (1). 

Determining A iK from the systems 



Oki — ?i) A u + 4i2 A + ^13 A 3i = f 

^21 Ai + (^22 — Pi) Ai + ^28 A 3i = 0, 
^31 Ai + ^32 Ai + (433 — Pi) -4« = , 



(»=1 3), (3) 
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and putting iq t = y t for t = 0, the finite equations of the group become 

>7i = ~ [ Oi (to — to) ** + ^ (to — to) <?* + A 3 (to — to) e pst ] 2/i 
+ Oi (A 3 — A a ) ** + ** (*i — **) ^ + A 3 (A a — X,) e^] y, 
+ IX (Vs — V») eP,t + *» (Vi~ Vs) **+ *s (V a — Vi) eP8< ] 2/s] . 

>7a = ~g [|>i 0*8 — to) ^ + to (to — to) ** + to G"i — to) « P8 '] 2/i 
+ Oi (A. — a,) ^ + to (*i — *s) ^ 2< + /" 3 (X, — Ai) e"'] y, 

»?« = -5- [ Kf» — /"«) eHi + 0*» — fO e * + 0«i — ft») <1 yi 

+ [(A 3 - A,) e w< + fa — A 3 ) e<*< + (A, — Aj e^J y 8 

+ [(Arf£» — A 3i « a ) e«* + (Aattj- V3) e<* + fap a — A^) eT*\ y 3 ] , 

J. A 

where A 4 = -^ and (i { = -J± can be determined from (3), and where 
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K (4) 



A = 



Aj Aj A3 

to to to 
1 1 1 



It is necessary and sufficient that the characteristic equation be reducible to a 
product of linear factors in order that (4) may generate a linearoid group, for 
then the coefficients of (4) are uniform functions of x. 

Equations (4) no longer hold when A vanishes. This happens when the 
characteristic equation has a pair of equal roots. The question arises, can A 
vanish in any other case ? This is best answered by considering (1) in its 
canonical form, namely : 

#"(/) = $11 Vi 2i + ($21 2/i + $22 2/3) q» + ($31 2/1 + $32 2/2 + $33 2/3) ft > 

a form to which it may always be reduced by a linearoid transformation. Such 
a transformation leaves unaltered the characteristic equation. Since it is 
apparent that <£ u , $ aa and <£> 33 are the roots of the characteristic equation cor- 
responding to the canonical form, we have 

p< = $«> (*=1, 2, 3). 
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Inserting the values of ^ and fi it equations (3) become in this case 

($11 — pi)^i = <M 

4>3i^i + ($22 — pi) Hi = , Y (3a) 

$31 \ + $33 Hi + $33 p» = 0. J 

Supposing the roots distinct, (3a) shows that /l 8 = X 3 = 0, and therefore 

A = a-i (,u 3 — /Kg) . 

Now /In cannot vanish, for then (i x would vanish by (3a), which leads to the 
equality $s3 = $n, a result contrary to hypothesis. It can be shown by similar 
reasoning that fi z — ^ 3 =fc 0. We therefore conclude that A vanishes only if the 
characteristic equation has at least one pair of equal roots. 

The invariants of the group (4) are easily obtained. It is apparent from 
the form of the infinitesimal transformation that three relative linear invariants 
exist. Forming the expression lv\ x + m^ 3 •+• nv\ 3 from (4) and applying the condi- 
tions for a relative invariant, we obtain 

iih — Ha) Vi + (*8 — *») % + &»p* — **lh) Vs 

= ** Ulh — Hs) Vi + (^3 — *») y% + (Vs — V«) 2/s] . 
(Hs ~ Hi) *?i + fai — **) m + &aHi ~ ^Ha) ^ 

— ** [(jit— hi) yi + (a* — **) y% + (Vi — V») yJ ' 

(Hi ~ Hz) Vi + (^2 — *>i) »7» + (%iHs — %vHi) Vz 

— e** [(ji x — fi z ) y x +(\ — Xj) y 2 + (V» — Vi) 2/3] . 

which may be written in the form 

H x =z**Y x , H t = S*Y a , H a = #*Y a . (5) 

From these relative invariants can be formed the two absolute invariants 

&! = Ff Yf "s 3« 2 = rf F 3 -«. 

The three differential invariants of the first order may be obtained from (5) 
They are 

^(-Liogr,), (,-=!, 2, 3). 
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We therefore have the following system of differential equations belonging to (1) 

*-lo K T.-j-* g T.% =/,(.). 1 (6) 

where, of course, the functions f t (x) are not independent but satisfy the relations 

The integration of (6) will introduce one arbitrary constant. The behavior of its 
solutions when the independent variable makes circuits around the singular 
points of the system will now be found. 

Assume fi{x) (i= 1 .... 5) to be uniform functions of x. Equations (6) 
give on integration 

logY i =^[c t + p<> i f£Max], (.'=1,2,8), (7) 

where p\ is the value of p< for x = x . If d iK denote the residual of^I^i at the 

9* 
singular point a K (x = 1 in), equations (7) show that log Y t increases by 

2nipid iK when x makes a circuit around the singular point a K . Y { therefore 
changes into 

Et=:f*«*uY t . (8) 

The last two equations in (6) give, since / 4 and/ 5 are uniform, 
H^Hf^= Y{*Yf», and H{°Hf<»= YpY?", 

which leads to the conditions 

therefore, if pi p 8 and p^j are not constants, 

d\ K == <*8/t = <*3ic> 

f f f- 
i. e., ^- , -^- , — must have those singular points in common at which the resid- 

Pi Pa P3 
uals do not vanish, and the residuals at such common points must be equal. Sup- 
pose on the contrary p x p 2 to be a constant. The first equation in (6a) becomes 
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Introducing / 4 (x) = e F(x) , and requiring F(x) to be a uniform function, we get, 
on integration, 

from which it follows as before that d u = d\ K . Other special cases can be treated 
similarly. If p t is zero, equations (6) break down. In this case the invariant 
system can be formed anew from (5). In all cases (8) can be made to agree 
with (5), provided we put 2nid iK = t. 

The cases which arise when the characteristic equation has one pair of equal 
roots, or all of its roots equal, require separate treatment. The investigation is 
carried on most easily from the canonical form of the infinitesimal transforma- 
tion. The various cases have been thus treated. No results essentially different 
from the above were obtained. In all cases there exists a system of functions 
Vii Vzi V% with arbitrarily assigned branch-points a K , undergoing an arbitrarily 
assigned linearoid substitution A K contained in the one-parameter group, when x 
describes a closed path around a K . 

§2. — Two- Parameter Groups. 

Two-parameter groups may be treated in a variety of ways. Direct attack 
leads to some interesting relations which will be noticed in another place. The 
only practical solution is obtained by using Lie's types of linear groups. Nine- 
teen such types of two-parameter linear homogeneous ternary groups exist (Lie. 
" Continuierliche Gruppen," p. 522). If functions of x are substituted for the 
constants appearing in these types, all types of linearoid groups will be obtained, 
For, suppose there were a two-parameter linearoid group which could not by a 
linearoid transformation be reduced to one of these linearoid types. Putting 
85 = a, the group becomes linear. The result is a linear group which cannot by 
a linear transformation be reduced to a linear type, which is impossible. Treat- 
ment of one of these types will be sufficient. The following has been selected : 

^i — Vsq% + ^; #*2 = 2/3 2i + #i?3 + <?>(aO-U; (#itf" 3 ) = o, 

where we have put U = y x q x + y% q\% + y%q%> The general infinitesimal trans- 
formation becomes 

[(ci + eg $) y x + c a y s ~\ q x + [c 2 y 1 + (c x + c 9 $) y 2 + c x y 3 ] q z + [(Cj + c 2 $) y 3 ~\ q 3 . (1) 
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The finite equations are obtained by integrating the system 
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^>72 _ 



dt 
dt 



(Ci + Og^)^. 



(2) 



The roots of the characteristic equation being equal, the solution has the form 
n^eo'iLi + Mit+Ni?), (»=1, 2, 3). 

Determination of the constants in the usual way gives, after putting t = 1 , 
the system of equations 

„ 1 = «* + «.*[y 1 + q,y,], ^ 

m = tfi+** [o^i + y g + (c, + i4)yj, V (3) 

J7 8 = e* + **y,. ) 

Putting in these equations c 2 = , we easily obtain the following invariants of 
the subgroup generated by £7^: 



Pi 



V3 






^=s- 1 °8^ ^=s- l0 «y- ^=^r f--J 



i 



(4) 



In order to obtain the invariants of group (3), it will be necessary to operate 
upon Sy with TJ % . Making use of the once extended operator 

W) =(m + y 9 ) §t + (yi + <t> yi ) |£ + ** J| 

we obtain after reducing 

02(Si) = i, D5(SiO = (Si+Sr 1 -^)s», 



J 



(5) 
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An absolute invariant must be a function of S-j and S> 3 . Denote it by F(^ x ^). 
Applying the condition for invariance, we get 

U Z (F)= Dip,) jg + Di(S>)|g[ =0. 
Making use of (5), this becomes 

the integral of which is found to be 

F = ^~ <?>&!- log (^^ a ). 
The absolute invariant of (3) becomes therefore 



3.=* (&)'_* Jk_ife + logy,. 



y*/ ys yz 

Differential invariants are found by making use of equations (5). We 
obtain immediately the transformation group 

$! = &! + «, S 4 =&4 + <?>'*. ^6 = ^5 + ^- 

The invariants of this one-parameter group are easily found. They are 
^i. 4>'^i — S>4. and &$> 4 — ^'^s, which are the required differential invariants 
of (3). The differential equations sought for are therefore 



£(■£■) =*H 



^ys' ys ys J 

This system is at once seen to be of the second order. The behavior of its solu- 
tions will not be investigated in detail, but is clear in general. They will be 
functions uniform everywhere except in the vicinity of certain singular points, 
and will undergo a linearoid substitution of the two-parameter group when x 
describes a closed path around one of these singular points. It can be shown 
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that the singular points and the corresponding substitutions may be chosen arbi- 
trarily as in the case of a one-parameter group. 

§3. — Three- Parameter Groups. 

The only groups with which we shall be concerned in this and the following 
paragraphs will be non-integrable groups. All those occurring so far have 
been integrable. The results obtained may be taken as characteristic of such 
groups, the differential equations arising being simple combinations of linear 
differential equations. 

A non-integrable three-parameter group can always be supposed to have 
the composition 

(u 1 u 2 ) = u 1 , {u l u s ) = m„ {u,u 3 )=u 3 . 

A non-integrable three-parameter linearoid group reduces to a non-integrable 
three-parameter linear group when x is put equal to a. Let TJ X , U z , U 3 generate 
a non-integrable three-parameter linearoid group. The substitution x = a re- 
duces it to a non-integrable group which is the linear transform of one or the 
other of the groups 

i- '^i = 2/i2 , 2, 7» = — iyiSi + iy»fti y s = — y z qi, 

2. Wt = 2y^ + ysq 2 , W % = y^ — y^ , W 3 = — y-fo— ty& 3 , 

since these are the only types of non-integrable ternary linear groups. Ui, U z 
and U 3 must therefore be the linearoid transform of either 1 or 2. These 
groups can therefore be considered instead of the linearoid group TJ X , TJ^, U 3 . 
Type 1. — The finite equations of this group are known to be 

m = ^i + by i ,^ 

Vz = Wi + dy 2 , V (1) 

m = 2fe> ) 

in which ad — be = 1. There is one absolute invariant y s . The differential 
invariants are 

$i = Vivl—v»yi> §% = yiy'i—y%y'i, $B = vLyi! — y(>yi> 

In place of these, the system 

^/ _ yiyi' — yzyi ' $/ _ y'lyz—yiyi 
1 yiyi — y^yi' * 8 yiyi — yzyi 

24* 
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may be taken. Putting &{ = — A(x), ^=/ 2 (aj), and y 8 = f 9 (x), the system 
of invariant differential equations readily reduces to the following simple form : 



2f+/.(»>£+/.«»=o. 

(»=1, 2). 



(2) 



In this case, therefore, the linearoid system of invariant differential equa- 
tions is merely the linearoid transform of a linear system. In order that its 
transformation group may be the special linear group, the further condition must 
be imposed that S^ be invariant under the transformations of this group. 

Type 2. — The finite equations are 

>7i = «Vi + 2< %8 + %3 » ) 

fs = «<Wi + (ad + be) y % + bdy 3 , V (3) 

Vs = <?Vi + 2c% 3 •+- d*y z , ) 



where ad — &c= 1. There is one absolute invariant y\ — y t y 3 . On account of 
( 3 )> Vxi V% an d Vz must be solutions of a homogeneous linear differential equation 
of the third order. Our system becomes therefore 

Sf+/.wg +/.(-)£ +/.«» = <> ,| w 

yl — yi 2/3= A (*)»-' 

(»=1, 2, 3). 

The corresponding linearoid system is the transform of (4) under the general 
linearoid substitution. 

§4. — Non-integrable r-Parameter Groups whose Simple Z-Pararneter Subgroup 

is an Invariant Subgroup. 

By a general theorem of Engel's,* every non-integrable group of continuous 
transformations contains a non-integrable 3-parameter subgroup. Suppose that 
this is an invariant subgroup. Then the general form of all non-integrable 
r-parameter ternary linearoid groups containing an invariant 3-parameter simple 
subgroup can be obtained. As shown by Wilczynski, we can take as the non- 

* Lie, " Transformationsgruppen," Vol. Ill, p. 757. 
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integrable 3-parameter subgroup any type of non-integrable 3-ph.rameter linear 
group. There are two eases therefore to be considered, corresponding to the 
two types of the last paragraph. 

Case 1. — The invariant simple 3-parameter subgroup is 

U 1 ^=2y 2 q 1 + y 3 q 2 , TJ % = y x q x — y 3 q 3 , U 3 — —y x q % — 2y 2 q 3 . (1) 

The remaining infinitesimal transformations have the form 

(i = 1....3) 

Since the group (1) is an invariant subgroup, we have 

( TTiU K ) = c iKl Ui + o iKZ U % + o iKS U 3 , (i = 1, 2, 3 ; x= 4 r). 

This becomes, making use of (1), 

( Ci Z7 K ) = (c i/[8 yj + 2c (Kl y,) & + (c i(t3 y x — c id y 8 ) g- 3 — ( 2c i(tS y 8 + c ilS y 3 ) q 3 . (4) 

Equating coefficients in (4) with those obtained by direct calculation, gives the 
following equations of condition : 



c liK = — 2$g> 


2c llK = 


2(^-^) 


0=^—2^3 


Cg8K =0 


2%« == 


- $£ 


= — 24>« 


— aM) 

c S2(t — $12 


2c 3lK = 


- tf? 




Cl3« = ~ $« 


= 


2^-^ } 


Cii K = < — ^f 


c 23K = #? 


= 


^-2^> 


Cgl« = — $23 


<*«= ¥£-¥£ 






C 31k == $13 


0= $ ( 3 "1 


— 2c 13k = 


2*8 


— 2c 18k = $g 


= 2^ 1 ) -4>s3 ) 


2c 2J)t =5 


♦s? 


- 2^ = 




— 2c 38)e = 


2(^-^S) 


— 2c 3!SK = 2*£? 



k«) 



From this system we deduce 

^8 ) = ^i ) = $ 8 i ) = $82 ) = 0, 

$n ) -^ ) = $22 ) — ^ = On«, ^-2^ = 0, $£ = - c^. 

?7 K therefore assumes the form 

^ = $S yi ?i + fan — <hu) y% q% + ($u — 2c n«) 2/3 q 9 — c S u ( 2y 8 q x + y 3 q%) . 

Omitting terms of the form c-JJ\-\- CiU^-^- c 3 TJ 3 , this becomes 

U K = ^> K (i/iqi + y i q z + y»q 3 ), (* = 4 r). (6) 
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::! 



(7) 



The finite equations of this group are found to be 

m = e' i (a z y 1 + 2a% + % 3 ), 

*7 2 = e* (acyi + (ad + be) y % + bdy 3 ) 
>7s = e # (<fyi + 2<% 2 + #y,) 

where we have put <£> = c 4 $ 4 + .... + c r $, and aJ — &c = 1 . Group (7) pos- 
sesses the relative invariant y\ — y x y 3 , the transformation equation being 

*& — Mt = ** {yl -^y 8 ). (7a) 

Differential invariants are obtained as follows : The minors of y'", y", y' 
and y in the determinant 



y'" 


yl" 


yk n 


vS' 


y" 


yl' 


v! 


y's' 


y' 


y[ 


yl 


y'* 


y 


Vi 


2/2 


2/3 



are invariants of J7j, JJ 2 and U 3 . Denote them by p, q, r and s respectively. An 
attempt will now be made to find functions of p, q, r and s which permit all the 
transformations of (7). Forming 'with this in view the three times extended 
operator 

u>»(f) = 2 [*- ^ §yj + (*■ v'* + ♦- y«) J| + (^' + 2<?>; ^ + #' Vt ) |£ 

+ (<?>* tf" + Stf y'l + 3^ y\ + #" ^o |>j , 

and operating upon p,q,r and s, we finally obtain 

U K (s) = 3ft, «, 1 

^(i>)= 3^«+8ft,j), 

C« (?) = — 3^5 + 2^ + 3^, 

^ (r) = #"« — #' p + #ff + 3$ K r. 



(8) 



Integration of (8) gives the following quaternary (r — 3)-parameter linearoid 

group to which p, q, r and s are subject under the transformations of the 
group (7) : 



s=e 3 *s, 



q = e 8 * [3 (<£'* — <£") « + 3® p + g] , 

r = e 8 * [($" — 3<J>'3>" + <&"') a + (3> /a — <J>") p + 4>' q + r] . 



(9) 
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From these can be obtained the relations 

Of)=f + «<, 

(±) = X + 2 <D' JL + 3 (<£'' - <£"), 

\ 8 / 8 S V 

(IS) = JL + <j>' J- + ((I)'* — <|>") -2- + 3>' 8 +<e>'" — 33>'<l>", 

\ 8 / 8 8 V ' S 
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(10) 



and from (7a), 



log (>?! — m m) = log {y% — ^i y 8 ) + 2<£ . 



(10a) 



From (10) we form the invariants 

*=-f-Kf)+£(f)' 

*=^(f) + **-f-J- + *£(f) 



(ii) 



The first equation in (10) requires that -£- satisfy a non-homogeneous linear dif- 

ferential equation of order r — 3, the corresponding homogeneous equation hav- 
ing $£....$, as the members of a fundamental system. The differential equa- 
tions sought for become 



dx 



P(f) + *^(-f) + 



(f)-*f)'+*='-w-J 



K12) 



dx 



This system determines -2- , X and — . We now determine y if y t and y 3 from 

8 8 8 

the equation 

§_.£. ^ + JL dy_JL 0t (13) 

aar s «a;' 5 s dx s 
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of which they are fundamental solutions. The additional equation 

3j log(tf -*?.)-#■£ =/*(»). (13a) 

obtained from (10) and (10a), must also be satisfied, which condition reduces the 
group of equation (13) to a 3-parameter group. 

It now remains to verify that the solutions of (16) belong to the 
r-parameter group (7), and that the constants available can be chosen so as to 
make these solutions undergo arbitrary substitutions of (7) when the indepen- 
dent variable x makes circuits around a finite number of arbitrarily assigned sin- 
gular points. Let q>[ . . . . $' r - 8 be a fundamental system of solutions of the 
homogeneous equation corresponding to 

^(f)+*wd^«) + --+*-w-f=Aw- 

According to the theory of linear differential equations, its general solution can 
be written 

where ^- is a particular solution. If x makes circuits around arbitrarily assigned 

branch-points corresponding to the singular points of f x {x) , supposed uniform 
these solutions will undergo substitutions belonging to (14). From the third 
equation in (12) we obtain 

(-£=/.« + *«■)-»(*)' 

making use of (14), the substitution for -2. becomes, supposing f s (x) uniform 

s 

(i) =/. w + J (i) - *. (£) = i + 2*. £- + 3 (#■ - *»). <«) 

Substituting (14) and (15) in the second equation of (12), supposing / 8 (x) to be 
uniform, we obtain finally 

(±) = (-L) + (<&'° — <£") 2- + <& SL + <D" + $>"' _ 3 <D'4>". (16) 
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It is clear, therefore, that the solutions of (12) undergo substitutions of the group 
(9) when x makes circuits around the branch-points of the system. It remains 
to show that the solutions of (13) in that case undergo substitutions contained 

in (7). Equation (13) becomes, after making the transformation y=-e J T * \, 

g +84 * +9t ,= 0. (17) 

S>i is given by (11). The coefficients being invariant, the solutions of (17) are 
subject to linear substitutions with constant coefficients, 

vii = x a *7j + a, i3 ri % + a^,, (i = 1, 2, 3) , (18) 

and, therefore, after a circuit around the branch-points, 

which becomes, after change of variable, 

Vi = e* [3* 2/x + % i% y z + A« y 9 ] . (19) 

The Vs in this system are not independent. For, since y lt y% and y 3 must satisfy 

(13a), the transformation (18) must be such as to leave y\ — y±y z invariant. 
This additional condition reduces the nine-parameter group (18) to the three- 
parameter subgroup (7). The verification is therefore complete. For to prove 
that the substitutions of the subgroup (7) may be arbitrarily assigned is a prob- 
lem in the theory of linear differential equations. 



The second type will now be discussed. The non-integrable subgroup 8 G? 
for this case is 

^i = yiqi> #2 = M— yiqi + pste)' Ui = — &*qi- (20) 

By a process similar to that used in the case of the first type, the following gen- 
eral form for this group was obtained : 

TJ< = $«(*) (2A2i + Vz &) + ^ (a) S/s q» + ««y»ftf (* = 4 r). (21) 

Forming the general transformation and putting 

2c K ^ K = *; 2c K i|v = «Pj Zc K a K = a, 
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we obtain finally the finite equations of the group 

^ = e * L 1 5 ( A * ePl - ** ePa ) yi + 5r-Sr («" — ePa ) y J ' 

■■•Ag ~~ Aj Aj Ag - 1 

*-Ai "—" ■ Ajj Ag ~~ * Aj -* 

where p 4 are roots of the equation 



p 8 — ap — \aa i —%c\ + c x c 8 



and where ^ t is given by 



•^ — . __ jH 2l 

2c 3 c 3 



The invariants of G 3 can be taken as 



M* s = y 3 . 



Operating upon these with the twice-extended operator U'J (/) , we obtain 

U K («) = (2$> K + a K ) w, Z7 K (to) = — <p"u + $'v + (20 K + a K ) w, \ 

U K (v) = 2$>'w + (2ft, + a K ) v, U K (s) = +. s, J 

the integration of which gives the group induced by (22) on u, v, w and s, 

u — #* +a . u w = e** +a [($'' — <S>") u + <b'v + to] , \ 

v=zf+*[2Qfu + v], s=e*.s, i 

and, therefore, 

(±.\ = -1 4. 2<E>', log§ = log« + », 

leading to the absolute invariant 

d / t> 



ace \« / \ w / tt 



(22) 



(23) 
(24) 

(25) 
(26) 

(27) 



According to (26), — satisfies a non-homogeneous linear differential equation of 

order r — 3. The system of differential equations belonging to (22) becomes 
therefore 



dx 






(28) 
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Since log y s undergoes the same substitutions as J — , it is determined by an 

It 

equation of the form 

to« * = ».(.)+», (.)£ + *»(.)£ £+--+*~.m£S (£>(»> 

in which hi ... . h r _ 3 are uniform functions, determined by the system of equa- 
tions 

\<pP + h 2 <?>f> +..-.+ K-$Vi~ 9 ~ *i. (» = 4 . . , • r), (29a) 

and where A is an arbitrary uniform function. — and — having been found 
from (28), y 1 and y % are determined from 

f^_JLfH— 2^ = 0, (»=1, 2) (30) 

The behavior of the functions y x , y z and 2/ 3 , as defined by (28), (29) and (30), is 
obtained as in the first case. The results are essentially the same, and will 
therefore not be given. 

§5. — Non-Integrabh r-Parameter Groups whose Simple Three- Parameter Subgroup 

is not an Invariant Subgroup. 

^-Parameter Groups. — There are no 4-parameter groups of this class. For 
we have (Lie, Tr. Gr., Ill, p. 723) for all non-integrable 4-parameter groups 
the one typical composition (?7 < ZZj) = 0, where ZT t (i = l. 2, 3) are the infini- 
tesimal transformations of the simple 3-parameter subgroup. 

5-Parameter Groups. — All groups of this kind have the same composition as 
(Tr. Gr., Ill, p. 736) 

TJi — xq, U i = xp — yq, U s — yp, U i =p, U 5 — q. (1) 

Assuming G 3 to be of the first form or 

we obtain the following linearoid types, having the same composition as (1): 

A. G 3 , U i =^q>(x)y 3 q 1 , U h = ^{x)y s q 2 .l ^ 

B. G 3 , U t = $(x)y a q a , U 5 —^(x)y i q 3 ') 
25 
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The finite equations of group A are, as may be easily verified, 

m = <*y\ + h v% + € $ys, j 

1% = c Vi + d v% +f$y3< r ( 3 ) 

m = y 3 , ' 



where a, b, c , d, e, f are constants subject to the condition 

ad — be = 1 , 

which, moreover, we may suppress, thus obtaining a 6-parameter group. Put 

J_ H=r lf - 1 - ^. = f,. (4) 

Then Fj and F 2 are transformed by the general linear group 

J3 8 = C F 1 +<ZF 2 +/,) 

so that Fi, Fg are transformed by the general linear homogeneous group. Y{, Y£ 
therefore constitute a fundamental system of solutions of a linear homogeneous 
differential equation of the second order, and Y ly F a themselves are integrals of 
such functions, while y 3 is itself a uniform function of a;. 
The finite equation of group B may be written : 

*is = e$y x +fpy s + y 3 . J 



Therefore, y it y z form a fundamental system of a linear differential equation of 

the second order, say 

y»+py' + qy=0, (7) 

while — y 3 is a solution of the non-homogeneous linear differential equation 

y" +py' + qy = r, (8) 

whose left member is identical with the left member of (7). For if F denotes any 
solution of (8), its general solution is 

H=Y+ey 1 +/y i , 
where e and / are two arbitrary constants. 
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If G 3 is assumed to be of the second form 

U 1 = 2^^ + 2/3^, TJ % — — 2t/ 1 g- 1 + 2y 3 q 3 , TJ z = y 1 q z + 2y s q 3 , 

it will be found that there are no 5-parameter groups of this class. By making 
use of Lie's types of 6-parameter non-integrable groups, the same was found to 
be true of 6-parameter groups also. 

The results obtained for 5-parameter groups of this class sufficiently indi- 
cate what is to be expected in general. The study of r-parameter groups belong- 
ing to this class will therefore not be followed out any further. 

From the preceding investigation, it appears that finite linearoid groups do 
not succeed in defining any essentially new functions. It has been shown by 
Wilczynski* that higher transcendental functions exist, whose multiformity 
is qualitatively of the same kind as that of the functions occurring in this paper 
Their group, however, is not contained in any finite continuous linearoid group. 
It is very doubtful if they satisfy any algebraic differential equations. 

§6. — On the Characteristic Equation belonging to Certain Linear and Linearoid 

Groups. 

The following theorems about characteristic equations, although most easily 
stated in terms of group theory, are of a purely algebraic nature. Consider a 
two-parameter group with the composition 

(U 1 U z ) = aU 1 , (1) 

where a =1=0, and may, moreover, without loss of generality, be taken equal to 
unity. Writing 

Ui = ($n Vx + $12 Vz) 9i + ($21 V\ + $22 m) <h>] ( 2 ) 

we derive from (l) 

A = $21 ^1* — $ia "4>n ~ $11 ! 

A^ = <p n 4>n — $11 4>vs + $22 4*12 — $12 'but = $12 ' 

A 3 5= $„ lj/ a — $ n 4ll -h $81 4-28 — $22 4*21 = $21 » 
4l = $12 "421 — $21 i'lZ = $22 



(3) 



* American Journal of Mathematics, Vol. XXI, No. 8. 
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where A f stands for the left members of these equations. The following identi- 
ties are easily verified : 

A 1 -^-A i =0,^ 
$21 A + $12 A + ($11 — $22) -4.1 = , l (4) 

•KA + ^12 A + W'n— ^) A 1 = o,) 

from which we derive 

$11 + $22 = » ($11 — $22) $11 + 2 $12 $21 = • 

The coefficients of the characteristic equation belonging to U x , 

f — ($11 + $22) p + $11 $23 — $12 $21 = 

are therefore zero. Both of its roots are therefore zero.* 

In the ternary case the system corresponding to (3) becomes 

A = $21 "taa — $12 ^21 + $31 ^13 — $13 ^31 = $11 , 

A = $12 ^ll — $11 ^12 + $22 i'lZ $12 ^22 + $32 ^13 — $13 ^32 = $12 » 

^3 = $13 ^ll $11 ^lS + $23 4*12 $12 ^23 + $33 ^U ~ $13 ^38 = $13 > 

A = $11 ^21 — $21 ^11 + $21 ^22 $22 ^21 + $31 ^23 ~ $23 ^31 = $21 » 

A = $12 ^21 $21 4^12 + $32 ^28 $23 ^3% = $22 > }" (&) 

A = $13 ^21 — $21 ^13 + $23 4-22 ~ $22 ^23 + $33 ^23 $23 ^S = $23 , 

A = $11 ^81 — $31 ^11 + $21 ^32 — $32 ^21 + $31 ^33 ~ $33 ^31 = $31 ' 

A = $12 4si $31 ^12 + $22 ^32 $32 ^32 + $32^33 $33 ^32 = $32 . 

A = $13 4>SL — $«1 ^lS + $22 ^32 — $32 "^tg = $33 > . 

from which we obtain the identities 

At + Ai + A = 0,*\ 

$21 A + $12 A + $31 ^3 + $13 A + $32 A + $23 A 

+ ($11 — $33) A+ ($22 — $33) A = > 

($22 $33 $28 $32) -4l + ($23 $31 ~ $21 $33) A + ($21 $32 $22 $3l) A 

+ ($13 $32 $12 $3s) A + ($11 $33 — $13 $3l) A + ($12 $31 $11 $32) A 

+ ($12 $23 $22 $13) A "+• ($13 $21 _ $11 $2s) A + ($11 $22 $12 $3l) A s = , 



(6) 



and two others, differing from these only in having ^ hi place of <p . Making 
use of (5), we find 



* This result was derived by Wilczynski (American Journal, Vol. XXII, No. 3, p. 208), who also 
noticed there that the roots of the characteristic equation of U 2 (/) differ by unity. 
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#11 + #22 + #33 = , \ 

(#11 #33) #11 + (#22 — #33) #22 + 2 (#12 #21 + #13 #31 + #23 #32) = 1 > (7) 

#11 #22 #33 + #21 #32 #13 + #31 #23 #12 #13 #22 #31 #23 #32 #11 #12 #21 #33 = ° • ' 

Combining the first equation with the second, the left members, it will be noticed, 
agree with the coefficients of the characteristic equation belonging to TJ X , 
namely, 

p 3 — (#11+ #22+ #33) p 2 + (#11 #33+ #22 #33+ #11 #22— #13 #31— #32 #23— #12 #21) P 

#11 #22 #33 + #21 #32 #13 + #31 #23 #12 ~ #13 #22 #31 #23 #32 #11 ~ #12 #21 #33 = ° 1 

from which the theorem follows for this case also. The general case will now 

be considered. 

A group of composition (1) is integrable. TJ X and U t can therefore be 

transformed simultaneously by a linearoid transformation into the canonical 

form 

#i = #n Vi 1i + (#21 2/i + #322/2)22 + (#31 2/i + #32 y% + #332/3) 2s + 1 / 8 \ 

#2 = ^ii2/i?i + (^2i2/i + ^22 2/2)22 +(^31 2/t + ^32 2^2 + 433^3)^3+ J 

Such a transformation does not alter the characteristic equation or the composi- 
tion of the group. 

Making use of equation (l), we obtain 

Oki 2i + ^21 q» + + 'ta q n ) #11 Vi 

+ (^22 22 + ^32 g 3 + + ^»2 2»)(#21 2/1 + #22 2/2) 



+ C<k-*l f i.-l?n-l +'4'n,n-l2")(#»-l,l2 / l + #»-l,22/2 + + #«-l. n -1 Vn-l) 

+ $nnq n (#«1 2/1 + + #«»*/») 

— [same expression with # and ^ interchanged] 

= #uS/i2i + (#21 2/i + #222/2) + + (#»i2/i + + #»»2/»)2»- (9) 

Equating coefficients of y K q K gives 

# KK =0, (* = 1 .... n), (10) 

and equating coefficients of y K -iq K , 

# K _i, K _i'4' K , K -i+# K , «-i^«« — # K , K -i4 K -i, K -i — # KK 4' K , «-i= # K , K -i» 

which becomes, making use of (10), 

#«, k-i^k — l«-i,«-i) = # K , K -i» 
and therefore 

*„ — ^-i )K -i=l if #«, K -i#=0. (11) 
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Noticing that $ KK and ^ (x = 1 . . . . n) are respectively the roots of the 
characteristic equations belonging to TJ X and U z , (10) and (11) give the following 
theorem : 

If JJ X and U z generate a two- parameter linear or linearoid group having the 
composition {U x U z ) = Z7 lt the characteristic equation belonging to Ui will have all 
of its roots zero, while the roots of the characteristic equation belonging to U 2 will 
form an arithmetical progression with the common difference unity, provided that 
none of the coefficients of form $ K , K -i are absent. 

Unless all of the quantities $„, K _ a are zero, there is at least one pair of roots 
differing by unity. If, on the contrary, these quantities are all zero, we obtain 
by equating coefficients of y K _ SiK , 

4>K-2, K -2^, K -2 + ^>K-1,K-S4' K , K -1 + $«,«-» "tat— -^>K,K-i^K-i, K -Z 

According to the hypothesis, all the terms in the left member vanish except two. 
Therefore, 

<?>«,« -2 O^K — ^K-t, K-S) = 4>«,K-2» 

which proves, as before, that there is at least one pair of roots differing by unity 
unless all of the coefficients $« t(C _8 also vanish. Suppose more generally that all 

of the quantities 4> K>K , $«,«_!, ^>«,«_8i $k,k-s vanish. Equating coefficients 

of y K -,-i q K in (9), we obtain 

^..-.-l^-l-l, K-.-l ^>K.«-«'4'«-8,K-«-:i ^K.K-S + l^K-S + hK-t-l • • • • 

- t<,«-i i-M-s-i-^-^M-s-i = 4>«.«-s-i- ( 12 ) 

Taking into account the assumption made, this reduces to 

$«,«-«-i (i'KK — 4"k- s -i,k-s-i) = <Pk,k-8-i- (13) 

Unless, therefore, every $ Ki „_,(*== 1 n ; 8 = k — 1) vanishes, 

there will be at least one pair of roots differing by unity. All of the 4> K . K _ s 'a 
cannot vanish, for this means that the infinitesimal transformation Z7j vanishes. 
Hence we conclude 

The characteristic equation belonging to C 2 always has at least one pair of roots 
differing by unity. 
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The theorem that the characteristic equation belonging to £7i (/) has only 
vanishing roots, is not to be confounded with a theorem proved by Killing which, 
on the surface, appears to be the same.* The characteristic equation employed 
by Killing is quite different from the one considered here. 

The second part of the theorem can be read as a property of the discrimi- 
nant of the characteristic equation belonging to U 2 , namely : If Z7i and TJ % gen- 
erate a two-parameter group of composition (U 1 U s ) = aU 1 , the discriminant of 
the characteristic equation belonging to TJ % has in the general case the numerical 

value r L * 3 * 4 — / ~~.\n-rt8 a " ( " -1) - More generally, all of the invariants 

of this equation are numerical, since they are functions of the differences of the 
roots. 

§7. — General Theorem. 

The theorem, proved in the last paragraph, can be immediately extended 
to r-parameter integrable groups. The infinitesimal transformations of an inte- 
grable linear or linearoid group can be chosen to satisfy the equation (Lie, "Con- 
tinuierliche Gruppen," p. 537), 

i + K ~ l '» = !, 2 . 



l + K — l /^ 2 



r 
r — 


-«)• 


(i) 




• + $»lyr)q n - 


(2) 


T r , 




(3) 



The infinitesimal transformations can be put into the form 

u K = ¥£yiqi + (<Pttyi + <p£yz)q2+ •••• +(*Hyi + 

If we assume 

( U, U K ) = c iKl V x + c iK2 U 2 + + c iKr U r , 

we obtain, by equating coefficients of y x q K , the system of equations 

e*a*ffi + <fca*ff+ • • • • + c iKr ^ = 0, (», *, X = 1 . . . . r). 4) 

Putting i = x = 1 , equations (1) become 

For this case equations (4) become 

Oin*K = 0, (X=l....r), (5) 

* Lie, " Transformationsgruppen," Vol. Ill, p. 772. 
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hence, if c m =fc , all of the roots of the characteristic equation belonging to U t 
are zero. We also have from (1) 



( TT X U 3 ) = c 131 U x + c 13Z U z , l 
( U» U s ) — c m TJy + c m U % . S 






Equations (4) become 



from which it follows that <$l = , if we assume the roots of U x all zero, and c 133 
and o m not both zero. The general theorem is clear, and may be stated as 
follows : 

If all of the roots of the characteristic equations belonging to the infinitesimal 
transformations U x . . . U K vanish, where these are the x infinitesimal transformations 
of a x-parameter invariant subgroup of an integrable group having the composition 
(l), the same is true of the characteristic equation belonging to U K + i , provided that 
not all of the composition constants 

C l,K+»,lt+l> C 8,k + 2,k+1> • • • • C K+1,K + 2,(C + 1 

are equal to zero. 

If these conditions are not fulfilled, we proceed as follows: Suppose the 

roots of the characteristic equation belonging to U^ have been found by the 

method outlined above to be zero. Strike out the fi th term in system (4) for each 

value of [*. . If there is left any equation containing only a single term c iKT ffil , 

we conclude that the roots of the characteristic equation belonging to U r are zero. 

"We would then drop the T th term from the equations, and repeat the process 

until we obtained a system of equations each one of which consists of two or 

more terms. In this way we find all of the infinitesimal transformations whose 

characteristic equations have zero roots. 

The second part of the theorem contained in the last paragraph can also be 
extended. It can be stated as follows : 

If the characteristic equations belonging to the infinitesimal transformations of a 
p-parameter invariant subgroup of an r-parameter integrable linear or linearoid 
group have all their roots zero, and the roots of the characteristic equation belonging 
to U p +1 are not zero, then the differences between its roots are constants depending 
only upon the composition of the group, and no more than p of these differences are 
distinct, provided that not all the terms in U^ . . . . U p of the form, ^\-ip\-\q\ 
(a, =1 .... n; x =1 . . . . p) vanish. If all of these terms for (i distinct values 
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of % vanish, the theorem is still true for those differences which correspond to values 
of X different from these. And in any case there will be at least one pair of roots 
differing by a constant. 

The proof of this theorem is similar to that employed in the last paragraph 
for the special case there considered. Writing 

u t =<P > Hyxqi + Myi + <i>%y 2 )q i + ■■■■ + MVx + •••■ +# 
*7 P+ i= hit/iqi + (4 2 i2/i + ^222/a) q% + — + (^nl Vl + — +^n 

(i = l....p), 

with the conditions 

$S=0, ^^0, (i = l ...-i>; X=l .... n), (7) 

equations (3) and (6) lead to the following : 

(UiU p+1 )= (^n g-i + ^21 g 3 + • • • • + 4>m ?.) #?yi 

+ (^22 ?2 + ^32 ?3 + + ^»2 qnWilVx + ¥wVi) 

+ 

— [same expression with ^> and $ interchanged] 

== c %,p + 1, i t/i ~r c *, p + 1, 2 t/a "r • • • • + c ti j, + ! t p U p , {o) 

(*=1 p). 

Equating coefficients ofy K _iq K , we get 

^L],»-i^ + C-ii--^M-ii-i,"-i-^i«-i 

= c iiP + lil ^ K 1 > K _ 1 + c i(1) + 2i3 ^ ) K: _ 1 + +o (tJ , + ltJ ,^* ) ,_i. (9) 

Equations (7) and (9) give the following system of equations : 

[Cu + l,l-(^-i«-l,-l)]C-l +Ci,, + i f ,$?«_i+ 

■f" c i, jp + 1, p $«, « — i = , 

Cj, p + i,i^m-i+ C c a,P + i,8 — (4w — 4 , «-i,«-i)]^" , .-i + 

■ p + 1, p ■ 



+ C2, P + l, p ^ P Ul = 0, 



(10) 



C P,P +1,1 Qk, K — 1 4" C J), p+1, 2$K, K-l + • • • • 

+ [ c p,p + i,v — (^« — ^ K -i,«-i)] #?«-i = 0, 
(x = 2 n). 

Unless all of the <|>'s in (10) are zero, the determinant of the coefficients van- 
ishes, leading to an equation of degree p for the determination of ^ — 4*-i,K-:f 
Since ^ KK and ^-i, *-] af e any consecutive roots, we conclude that the root dif- 
ferences are constants, and not more than p of these differences are distinct, 
26 
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since they are all roots of the same equation of degree p whose coefficients more- 
over depend merely upon the composition of the group. This result is inter- 
esting with regard to the determinateness of the transformation U p + 1 , if this is 
to be so determined as to generate with ZTi . . . . JJ P a p + 1-parameter group of 
given composition. Since the difference between two consecutive roots, con- 
sidered as arranged in a certain order, must, according to the theorem, assume 
one of p constant values, which are fixed beforehand, it follows that after one 
root pj has been arbitrarily chosen, only a finite number of values are possible 
for the other roots. 

As in the special case of the last paragraph, this theorem breaks down if 
the quantities <£>a,x_i are all zero. Suppose, therefore, that all terms of the form 
QkU-sVk-s tJ K (s = s ; x = l n ; i=\ p) vanish. Equating co- 
efficients of y K -,—iq K , we get 

+ $2Li,«-«-i ■*«.«- 1+ ♦?«— 1^« 

4 > i?*-*-l'4'<C-*-l,«-8-l <pK?K- S 4' K -S,K-S-l ^K-S + l^K-S + l.K-ft-l • • • • 

— $?«-l'«k-.l,«-i-l — 4 > 2. > '4'«,«-t-l= C l,i>+ 1,1^-S-l 

+ c 1 , p+1>2 ^%_ s -i+ ■••• +c 1 , J ,+i;,$? ) «-.- l . (ii) 

All except the two middle terms in the left member of this equation vanish. 
The following system is therefore obtained : 

[Cl.y + 1,1 ("tat — 4**- s-l,K-S-lY\ $k!k-s-1 + Cup+l,9$? K -t-l + 

"t" e i,P + l,P^ ) K,K—S—l = 0, 

C3, P+ 1,1$!k-«-1 + C C 2.JP+.1,2 _ O^*. - 4 K - S -l )K _ S -l)]<?>l! ) K - S -l + 

+ C|,, + i.p^ ) «— i = 0, \ ( 12 ) 

■ •••••■•.••••■>•»*■•••••(•••••••••■•••<•>•••••••••••••**••**•• 

C P,P+1,1$K,K-S-1 + C J.,iJ + l,24 ) K.K-S-i+ • • ' * 

+ [ G p,p+i,p — W*« — 4v- s -i, «-.-i)] 4>^-,-i = o- J 

This system in 4> K>K _ 5 _! is identical with (10). Unless, therefore, all of the 
quantities 4» K)K _ S _ 1 are zero, we conclude, as before, that the differences 
^ KK — yp K -s-i,K-s-i are the roots of an equation of degree p, whose coefficients 
are functions of the composition constants. Since s may assume all values from 
1 to ft — 2, we conclude that there is at least one pair of roots of the character- 
istic equation belonging to U p + 1 whose difference is a constant, otherwise all of 
the infinitesimal transformations of the jpparameter subgroup would vanish 
identically. 
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From the results obtained above follows the additional theorem : If 
TJ X .... TJ r generate an r -parameter integrable linear or linearoid group which have 
been put in the form demanded by (l), the characteristic equations belonging to 
U\ • • ■ • C7J.-1 have all their roots equal to zero, provided that for each value of x from 
1 to r not all the composition constants c i<K <K _ 1 (i = 1 . . . . x — l) vanish. Under 
these same conditions the differences between the roots of the characteristic equation 
belonging to TI r are constants, no more than r of these differences being distinct, pro- 
vided not all the coefficients in U x . ■ ■ • ?7 r -i of the form $i**— i (Jl = 1 . . • . n ; 
x = 1 . . . . r — 1) vanish. And in any case, provided the first condition holds, 
there is always one pair of roots whose difference is a constant. 

University of California, April 23, 1901. 



